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ABSTRACT

In accordance with the Navy's interest in developing an underwater
spherical vessel capable of human occupancy, studies have been made
of a particular class of convex polyhedra as a possible approximation
to a sphere. The class referred to is a category of penti-hexagonal
polyhedra, formed from the regular dodecahedron by inserting succes-
sive layers of equilateral convex hexagons within the basic pentagonal
structure in a manner which maximizes the congruence and the sym-
metry of the polyhedral surfaces.

The structure of a particular polyhedron in this class is deter-
mined by computing the vertex angles of all the distinct hexagons com-
posing its surface, i.e., the polyhedron face angles. With this end in
mind, trigonometric equations are derived for all hexagons having less
than a certain degree of symmetry, and all dihedral angles whose edges -
are not perpendicular to a plane of symmetry of the polyhedron. These
equations are then solved using a Newton-Raphson-type process. The
structure of all polyhedra in this class up to 3242 faces has been deter-
mined, and the number of trigonometric equations in each case exactly
equals the number of unknown angles. It is suspected that this equality
is maintained for higher order polyhedra in this class.

After the relevant trigonometric equations and the techniques for
solving them have been derived, it is seen that, in practically all in-
stances, the value of the solution, if convergence occurs, is independent
of the initial guess used for the face angles.

Trends among certain face angles become evident for progressively
higher order PH polyhedra, which permit calculating approximate di-
ameters as a multiple of the edge length; for polyhedra having up to
3242 faces, the values of all face angles, hexagon diagonals, and dihe-
dral angles may also be determined.

Two conjectures emerge from the study, and these take the form
of two theorems which are based on six preliminary definitions.

PROBLEM STATUS

This is a final report on one phase of the problem; work on other

phases continues.

AUTHORIZATION

NRL Problem B01-03
Project RR 003-05-41-5060

Manuscript submitted February 17, 1968,
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A PARTICULAR CLASS OF PENTI-HEXAGONAL POLYHEDRA

INTRODUCTION

It is currently of interest to the Navy to construct a large sphere capable of both
human occupancy and deep-sea submergence. The required size of this sphere necessi-
tates that it be built from many small components which, from a machinist's viewpoint,
should be as congruent and symmetrical as possible.

This report describes a preliminary phase of this problem, that of approximating
the sphere by a particular class of convex polyhedra. The numerical parameters of
these polyhedra are given, and the methods of calculating them are described. The poly-
hedra in this class have a progressively increasing number of faces and, as this number
increases, the polyhedra more closely resemble a sphere, i.e., the dihedral angles
formed at all edges approach 180° and the sum of the face angles at each vertex ap-
proaches 360°. This phase is relevant to the general problem, because, given a sphere
whose center coincides with the centroid of the polyhedron, the vertices of the polyhedron
can be radially projected onto the sphere and can be connected by arcs of great circles.
The spherical polygons thus formed can be thought of as the required components. How-
ever, the question of the congruence and symmetry of these components has yet to be
resolved.

THEORETICAL DISCUSSION
Description of Polyhedra

As is standard, we refer to the plane polygons which compose a polyhedron as faces
of the polyhedron; the intersection of two faces is called an edge, and the intersection of
three or more edges is called a vertex of the polyhedron.

There are a number of properties that we specify for these polyhedra. First, we
require that they be convex. We also require that they be as symmetrical as possible in
structure, which implies maximum possible congruence and symmetry among the ver-
tices, edges, and faces. Finally, we wish to have exactly three faces meet at each ver-
tex. This last property is desired because a vertex having this structure has. its associ-
ated dihedral angles uniquely determined by its face angles; if four or more faces meet
at a vertex, there is some degree of freedom in forming the associated dihedral angles,
leading to a certain amount of instability in the structure (analogous to the fact that three
sides uniquely determine a triangle, but four or more sides do not uniquely determine
the associated polygon).

We will be concerned here with a class of penti-hexagonal polyhedra, formed from
the regular dodecahedron by inserting successive layers of equilateral convex hexagons
within the basic pentagonal structure. These hexagons are constructed and inserted in a
manner consistent with the aforementioned properties. A member of this class will be
referred to as a PH polyhedvon.

Both the questions of the existence and the solutions of these polyhedra interest us.
Surprisingly, the latter question is more easily answered, since the digital computer can
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be effectively used. To affirm the existence of a particular polyhedron, however, we
must actually construct it.

In a regular dodecahedron we say that two pentagons are adjacent if they meet in an
edge; we extend this concept to a PH polyhedron and call two pentagons adjacent if they
would be adjacent under a "collapse'" of the structure to a dodecahedron, i.e., if all hex-
agons were withdrawn from the polyhedron and the resulting pentagons were drawn to-
sether in an order-preserving manner to form a regular dodecahedron. For a given PH
polyhedron let n be the number of hexagons inserted between adjacent pentagons. Then
the number of faces N of the polyhedron is N = 12+ 10n(n+ 2).

Figures 1 and 2 show PH polyhedra with 42 and 92 faces (n = 1 and 2, respectively).
These are the only PH polyhedra we have constructed to date.

Fig. 1 - A PH polyhedron having 42 faces

Equations for a PH Polyhedron

A polyhedron is solved by computing all vertex angles of all the hexagons composing
the faces. This is theoretically possible if the number of unknown angles is not less than
the number of equations obtainable from the polyhedron. Our experience thus far shows
that for all PH polyhedra up to 3242 faces (n = 1,2,...,17), the number of available
equations equals the number of unknown angles. This leads us to suspect that all PH
polyhedra have a solution and, furthermore, that the number of equations always equals
the number of unknown angles. The equations for a typical PH polyhedron are of two
basic types: (a) dihedral-angle equations and (b) equilateral hexagon equations.

Dihedral-Angle Equations — A dihedral-angle equation results from the fact that
each dihedral angle can usually be expressed in two ways, in terms of the face angles at
each of the two vertices bounding the edge which forms the dihedral angle. An exception
occurs when the two vertices are symmetric, i.e., when the face angles at one vertex are
respectively equal to those at the other. This occurs when the edge forming the dihedral
angle is perpendicular to and is bisected by a plane of symmetry of the polyhedron. We
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Fig. 2 - A PH polyhedron having 92 faces

thus define a solvable dihedral angle as one for which the associated vertices are not
symmetric. When we equate the two expressions for a solvable dihedral angle, the value
of the dihedral angle is eliminated, and we have an expression relating the six associated
face angles.

Figure 3a indicates a dihedral angle formed at the intersection of faces B and C.
The edge of intersection terminates in a vertex at which faces A, B, and C meet, and also
in a vertex at which faces B, C, and D meet. Consider the upper vertex. We let a,, a,,
and oy denote the positive or negative excesses over 120° (27/3 radians) of the face an-
gles of faces A, B, and C, respectively, at this vertex. That is, the face angles of A, B,
and C at the upper vertex are respectively equal to (27/3) +a,, (27/3) +a,, and
(2r/3) + o, radians. We define «,, oy, and o, similarly at the lower vertex. If we

-2—1-'+aa 3.1+a3

(b)

Fig. 3 - The dihedral angle formed by two
intersecting faces of a polyhedron: (a) actual
view and (b) spherical representation
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consider the upper vertex as the center of a sphere, the intersections of faces A, B, and
C with the surface of the sphere are arcs of great circles and form a spherical triangle
as shown in Fig. 3b. The respective angles of arc of this triangle are thus (27/3) +a,,
(27/3) +a,, and (27/3) +a; We see that n is the dihedral angle of interest, and, from
the cosine law of spherical trigonometry,

2m _ 2 2 . 2m . (2w
cos —3-+a1 = cos 3+a2 cos —§-+ az) + sin ?+ a,} sin -3—+ azf COS b,

so that

21 2 s
cos |3 + ayf - cos {~F +a,f cos |3+ ay
. 2m R 2m ’
sin —3- + a,} sin —3' + as

Similarly, employing the spherical triangle BCD,

cos (2—;7 + a6> - cos (-23ﬂ+ a4) cos (%71 + a5>

cos # = 217 2
sin (7 + a4) sin (—37 + as)

Eliminating cos z and clearing of fractions, we have

[cos <’2—-3" + al> - cos <%’L + a2> cos (2—; + as)jl sin (%:;T— + a4> sin (-2—;-7 + as)
- [cos (% + as) ~ cos (232 + a4> cos (—2?77 + "'5)] sin (%71 + a2> sin (—25— + a3) = 0. (1)

This is the general dihedral-angle equation, and is clearly not an identity for a solvable
angle. :

cos pu =

Equilateral-Hexagon Equations — Unless stated otherwise, all hexagons are assumed
equilateral and convex. For the general equilateral convex hexagon with no symmetry,
three angles are sufficient to determine it completely. Since our convention will be to
label all six angles differently, it is possible to obtain three independent relations among
these angles. Two sets of such relations are derived here.

The first set of relations is completely trigonometric. To derive them, consider the
hexagon in Fig. 4 having sides of unit length. Let the vertex angles be labeled ¢,, ¢,,
b5, V1, ¥y, and yy; let S, S,, and S; be the lengths of the sides of the triangle formed
by connecting alternate vertices, as shown, and let 8,, B,, and B, be the opposite angles.
Then, by the sine law for plane triangles,

Sy Sy S3

sin B8, = sin 3, T sin B,

(2)

After inverting and changing the sign of Eq. (2), and substituting

S; = 2 sin -, i=1,2,3,

we have
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#
| |
v i v,
B3 B2
Fig. 4 - Hexagon having I I
sides of unit length Sp S3
$, #5
| !
B
1r-<;’.\2 T-¢,
2
2 ‘P,
sin 8, sin 8, sin B,
. Py ) . P ) . P 3)
sin —2" sin 7 sSin '?
From Fig. 4 it follows that
T by, T by by + b5
’81:‘/’1"( z " T2 ): A
Hence,
b, + P
- sin B, = sin (B;+7) = sin (l//l + ——2——)
We can similarly show that
. o ( b+ ¢3>
- sin 8, = sin |y, + 2
and
. _ . Pyt Py
- sin B; = sin (t,bs + —-2——)
Substituting these expressions into Eq. (3) we get
+ P+ @ ¢+ @
sin (‘/’1 + i 5 ¢3) sin (‘/’2 + L 2 3) sin (l/ls + L 5 2) ( )
- = 4
. . Py . s
sin 7 sin '_2_‘ sin 7
It follows in exactly the same manner that
+ + +
sin (‘751 + ! 2 ¢l3) sin <q52 + il 5 k/;3) sin <¢3 + Y1 5 ‘#2) (5)
sin — sin =2 — sin ﬁ%
2 2 2

Equations (4) and (5) yield the three desired independent relations.
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The second set of relations is partially trigonometric, the trigonometric portion
following as a by-product of computing a long diagonal of an equilateral hexagon. We will
change our labeling system slightly and denote the angle at vertex i by 5; (Fig. 5a). As
in the case of the dihedral-angle equation, we define o, to be the excess of 8, over 27/3
radians, i.e., 8; : a; +(27/3), i =1,2,...,6. Let L;; denote the length of the diagonal

connecting vertices i and j. We shall now compute L,, and L,, (Fig. 5b). We see im-
mediately that

. Pa
Ly;=2 sin ==

and

5 6 4 Lis l
(a) (b)
Fig. 5 - Diagram used in computing the long diagonal of an equi-

lateral hexagon: (a) equilateral hexagon and (b) enlarged view of
the upper half of the hexagon

Substituting into Eq. (6) the trigonometric identities

sin % sin (,83 + Ez)

7} [cos B4 - cos (,82+,83)]

2
and
B
4 sin2—22-= 2- 2cos B,,
we have
L,, = 3~ 2[cos B, + cos B; - cos (B,+ B3] (1)

Since we can compute L,, equally well using 85 and B4, we also have

L,, = 3- 2[cos B85 + cos B4 - cos (Bs+ Bg)] - (8)
It follows from Egs. (7) and (8) that

cos B, + cos B; - cos (By+B;) = cos Bg + cos 'Bs - cos (Bs+,86),
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or, equivalently,

= cos (2—;7 + a5)+ cos (%4— as)— cos (4?77+ ag t+ a6) (g)

This will be referred to as the four-angle equation. It has been derived with reference to
the long diagonal connecting vertices 1 and 4. A hexagon with no symmetry has three in-
dependent equations of this type, one equation for each long diagonal, and these could
comprise our set. We also have the option of using only two of these equations and sup-
plementing them with the relations

1

181+:82+ﬁ3+184+ﬁ5+:86 4or ,
or (10)

agta,+taz+a,tag+a =0,

which will be called the sum-to-zero equation. This latter option is chosen because Eq.
(10) is a linear relation, and this option is also more compatible with the case of a hexa-
gon with onefold symmetry, as described below.

Symmetric Hexagons — A convex equilateral hexagon with onefold symmetry, i.e.,
symmetry about an axis passing through one and only one pair of opposite vertices, is
completely determined by two of its angles. Figure 6 shows such a hexagon, labeled with
both the conventions of Figs. 4 and 5a. Since we have only four different angles, we need
two relations among them. We see that Egs. (4) and (5) become

. Pyt Py
sin (f, + ¢,)  sin (¢2 * ) (4"
sin % sin %
and
. Yyt ¥y
sin (¢, + ¥,) B sin (¢, + 7 (5")
. W ) .Y '
sin '-2"‘ sSin _2—

yielding the two required relations. On the other hand, using the four-angle equations is
complicated by the existence of only one such equation, since the equations generated
about L,; and L,4 are the same and that generated about L,, is an identity. Hence, this
equation

cos (-2;—:- + al) + cos (%T + a2) -~ cos (%—T +oa, 4+ a2>
= cos (—2—;1 + aa) + cos (2—377 + a4> - cos (4%7 +oag+ a4) (9")

must be supplemented with the sum-to-zero equation, i.e.,

a, + 2(a,+az) + a, = 0. : (10"
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¢| |
)
Wz "'z 2 1 6
|
|
|
|
¢, é, 3 } 5
B
¥, 4
(a) {(b)

Fig. 6 - Convex hexagon with onefold symmetry:
(a) labeled according to the convention used in
Fig. 4 and (b) labeled according to the convention
used in Fig. 5a

Figures Ta and 'Tb show hexagons with twofold and threefold symmetry, respectively.
Both these types of hexagons are completely determined by one angle. Since, in each case,
only one basic symbol is used (e or », the excesses of the respective vertex angles over
27/3 radians), no other relations are required (as with the case of the a angles).

Fig. 7 - Hexagons having twofold and
threefold symmetry: (a) hexagon with
twofold symmetry and (b) hexagon with
threefold symmetry :

(o)
(b)

COMPUTATIONAL TECHNIQUES

For any of the PH polyhedra with no more than 3242 faces, the combined equations
for all distinct solvable dihedral angles and for all distinct types of equilateral hexagons
form a system of equations, mostly nonlinear, whose number exactly equals the number
of unknown face angles. The solution of these equations must be performed on a digital
computer; the program to do this must use some approximation technique and should re-
quire only a minimum of input data. The technique we describe was devised with these
goals in mind. The details of the computer program content and use are described in
Appendix A.

Solution of Polyhedron Equations

Suppose our system of equations involves m unknowns a,, ..., a,, each of which is
the excess of some unknown angle B; over 27/3 radians, i.e., 8; = a; +(27/3), i=1, ..., m,
If we have some initial guess of the values of these unknowns, say aj, ..., o, then these
can possibly be used in the system of equations to yield increments éa;, i=1, ..., m such
that a; = aj+8a;, i=1, ..., m is a better approximation to the true solution. We could
then consider «,, ..., a, as a new initial guess and repeat the process indefinitely until
some criteria for convergence is satisfied. Experience has shown that this Newton-

Raphson-type method works for a "correct' initial guess. For most of the PH polyhedra
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we solved, double-precision computation was used (about 25 significant figures), but for
the highest order polyhedra (>2252 faces) the limitations of core storage space in the
computer forced us to perform some of the computations in single-precision (about 11
significant figures).

To use the above method, the system of equations must be converted into a set of
approximate linear equations of the form

AX = B, (11)

where A is an mxm coefficient matrix, X is an m x1 matrix of unknown increments, i.e.,

XT = (ba, da, ... da_) (12)

m

(the T superscript means transpose), and B is an m x1 matrix. Once the system, Eq. (11),
is obtained, the solution X may be found by one of several methods available for linear
equations. Such a conversion is possible, and we refer to it as a linearization process.
We shall show briefly how this process was used on the particular system of equations

we chose: the dihedral-angle equations combined with the four-angle equations and the
sum-to-zero equations. The basic idea of this process rests on the assumption that o
nearly equals a;, the true solution, so that $a, = a; - o/ is a relatively small number.
Then we can make the approximation

sin (2?77 + ai) = sin (2__377 + a; + Sai)

= sin {— + a. | cos da, + cos —22+a’ sin Sa
= i) €© i 3 i i

X sin (2—;T+ a{)+ cos (%T+ a£)8ai, (13)

since

cos Sai = 1 and sin Sai ~ Bai .

For notational simplicity we define

Thus, Eq. (13) becomes
. 27
sin (—3 + ai) xS, + CaiSai . (14)
Similarly, we have

cos (-2317 + ai) xv Cp - 8, 3a; . (15)
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Substituting Egs. (14) and (15) into Eq. (1) we have
. |:CaL1 - salaa'l - <Ca2 - 5425a2> <Ca3 - Sa35a3):| (Sa4 + Ca48a4) (Sas + Cassas)

i [C“G ) S“ssa"’ ) (C“«a i S“48a“> (C“s ) S“ssas):‘ (S“z ¥ C“za%) (S“s ' Ca35a3) -0

which becomes, after collecting like terms and discarding terms of higher than first-
order approximation,

- S, Sa Sa b0 b [S%Cassusas - (Cas - c“cas) Ca25a3] sa.,
+ [(Cal - cuzcaa) Sa,Ca, - Sa23a3Ca4Sa5] bag + S, S, S, beg
e ) S (G o) s a0

To avoid confusion, observe that the unknowns 8a,, ..., Saq in Eq. (16) are actually the
increments of the six associated face angles of the dihedral angle shown in Fig. 3a but
are not necessarily the first six elements of the sequence composing X' in Eq. (12). In-
deed, to be strictly accurate, the angles in Eq. (16) should be of the form

o and Saié, where 1<i; <m j=1,...,6. 17)

However, we will retain the informal notation of Eq. (16) and also use it in subsequent
approximate equations, with the expectation that no confusion will arise.

Equation (16) is the linearized, dihedral-angle equation. Using the same informal
notation, the linearization of the four-angle equation, Eq. (9), for L, and the rearrange-
ment of the sum-to-zero equation, Eq. (10), results in the relations

- (Sa.2 - SG.2CG.3 - Cazsa3> 5a2 - <SO.3 - Suzca.s - C(!-2SO.3) 8a3 + (SGS - Sasca6 - CO.SSG.6> Sas

+ (SGG“SGSCG.G-.CG.SSO.G) 8a6 = - (Ca2+ca3_ca2ca3+sazsa3) + (Ca5+ca6ﬁcasca6+sassa6)

(18)
and

- - + - i - 1 - 1 - 1 — 1]
da, + da, + Saj + da, + dag + dag = a; - a, - a a ag - ag . (19)

The system of equations defined by Eq. (11) is formed, in part, by applying Eq. (16)
to all distinct solvable dihedral angles. Another part of the system results from applying
Eq. (19) to all distinct hexagons with either onefold symmetry or no symmetry. The re-
mainder of the system is generated by applying Eq. (18) and a similar equation for an-
other long diagonal to each distinct hexagon with no symmetry, and by applying the linear-
ization of Eq. (9') to each distinct hexagon with onefold symmetry.

We now return to the problem of choosing a correct initial guess for the solution
a,, ..., o, of the polyhedron equations. There are two methods to be subsequently de-
scribed: (a) the guess based on the solution of a set of approximate linear equations, and

(b) the constant-value initial guess.
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Approximate Linear Equations — The method of approximate linear equations is
based on the assumptions that (a) the sum of the face angles at any vertex is almost the

same as that at any other vertex, and (b) all hexagons are al-
most regular. Although these assumptions are sometimes
fallacious, they serve to provide good starting values of the
angles (still expressed as excesses over 27/3 radians).

To implement assumption (a), we equate the sums of the
face angles at all the distinct vertices (say V of them) of the
polyhedron, giving us V -1 linear equations. This will be
illustrated shortly.

Using assumption (b), we may derive three independent
linear equations for the nonsymmetric hexagon (these reduce
to two equations for hexagons with onefold symmetry). Let
an equilateral hexagon be labeled as in Fig. 8 with ¢, «,,

Fig. 8 - Nonsym-
metric hexagon

€4, M1, M,, and 7, representing excesses over 2rw/3 radians. Assume further that these

excesses are near 0 radians, i.e., that the hexagon is nearly regular.

Using Eq. (9), with

M3, €3, €3, and 7m,, respectively, replacing a,, a,, o4, and ag, we have

cos (2—;7 + 773) + cos (%T + €2> -~ cos (4—;T~+ Mg t+ 62)

_ 2m 217 4
= cos —§-+ €3]+ cos ?4-772 - cos ?1- €3+ 7,

But

_ 217 . 2,
cos —3—-+ N3} = cos—;cos M3 = sxn-—3-51n Ul

i

3
~ — cos ns—Tsin 73

2
1 V3
el R Y

since cos 7, # 1 and sin 7, ~ 7;. Similarly,

(2 +€) 1 3€
.€cos | 3) R -5 -5 €3,
2 2
and
27 1 3
oS\ FH M) R -G HM

We also have

.
cos (%ﬂ+ gt 62) = cos i371cos (M3t €y) — sin 3 sin (My+€,) ® -

and

(20)

N =
+
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4 1 V3
cos <-§-+ €4+ 172) x - 3+ T(€3+’72)'

Substituting these approximations back into Eq. (20) yields

%[~1-2\/?(n3+ 52)] ~ %[—1-2\/?(53“;2)},

or

Nyt €, R €53+ 7, (21)

Similarly, we can replace a,, «,, a;, and a4 in Eq. (9) with ¢,, n,, 7,, and ¢, re-
spectively, and get

€+ My M oMyt €. (22)

Combining Eqs. (21) and (22) with the sum-to-zero equation

€t €, €54 Mt Myt My =0
yields
1 2
€p % 3 -3 (M2t M3), (23a)
1 2
€, R 3'771_'5'(773"'771)' (23b)
and
63*3"73'3("’71"’72)' (23c)

These are the three desired independent, pproximate relations, expressing ¢,, ¢,, and

e, as functions of 7,, 7,, and 7;.

€2

Fig. 9 - Hexagon with onefold symmetry

. For a hexagon with onefold symmetry (Fig. 9) we express the relations differently.
Equations (23) become

€1

143
!
3
!

and

m
»
13
1
wi
3
»

or

€y -~ 3my (242)
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and
ny v AL (24b)

thereby expressing ¢, and 7, as functions of ¢, and 7,.

If we use Egs. (23) for all nonsymmetric hexagons, Eqs. (24) for all hexagons with
onefold symmetry, and equate the sum of the face angles at each distinct vertex of a PH
polyhedron with no more than 252 faces, we get a system of m equations in m unknowns
which yields a good initial approximation for a,, ..., a_. If the PH polyhedron has 362
faces, we get one less equation than the number of unknowns. Although this can be cir-
cumvented by guessing at a value for the common sum of the face angles, care must still
be taken to avoid inconsistency in the equations. An acceptable solution can be obtained
by guessing at the value of one of the hexagon vertex angles. Anticipating similar diffi-
culties for PH polyhedra of higher order, we stopped using this method for obtaining ini-
tial values. Instead, a much simpler technique was adopted, which will now be described.

The Constant-Value Initial Guess — Experimentation revealed that convergence can
be obtained by setting most of the angles (excesses) equal to a correctly chosen constant
initial value. A few such initial values were tested, and Table 1 indicates the results ob-
tained. As can be seen, convergence can be obtained for all PH polyhedra investigated
by setting all initial excesses equal to any of several constant values in the range from
1x10-° to 1.0 degree. Furthermore, for a given polyhedron, a unique solution is obtained
which is independent of the initial guess used in this range.* However, Table 1 also indi-
cates that, as the order of the polyhedra increases, convergence seems to fail at pro-
gressively lower initial values. We will now show some sample calculations.

Polyhedron with 42 Faces — Figure 10a shows the basic structure of the surface for
the polyhedron having 42 faces, and Fig. 10b illustrates the only distinct solvable dihedral
angle. All symbols denote excesses over 27/3 radians; thus, the pentagon vertex angle
has an excess of 108° - 120° = -12° (-n/15 radians). Since all hexagons are congruent
(labeled with 1 in Fig. 10a) and have twofold symmetry, no equilateral-hexagon equations
exist or are necessary. Thus, the only equation for this polyhedron is that for the dihe-
dral angle shown in Fig. 10b, which is

(a) (b)

Fig. 10 - Surface structure for a polyhedron
having 42 faces: (a) surface portion between
three mutually adjacent pentagons and (b)
solvable dihedral angle

*An exception occurs for the 42-faced PH polyhedron, for which an initial guess of 20°
leads to a nonconvex solution,
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[cos 3—; - cos? (2-5-’ + e)] sin? (2—; - 26) - cos (%}E - 25)
x [1 - cos <£37Z - 26)] sin? (2—; + e) = 0. (25)

- From Eqgs. (14) and (15) we have

sin (?——; + e) ~ S, + C, ¢ (26a)
and

cos (%—7 + e) ~ C, - S, b¢, (26b)

and a similar approximation yields

sin (—25- - 26) x S, - 2C,. 8¢ »(273)
and
cos (3_;7 ~ 2e) & C,, + 28, 8¢, (27b)
where
S, = sin (%—T - 26‘) , (28a)
C,. = cos (g—: - 26') , (28b)
€= €'+ 8€. (29)

Substituting these approximations into Eq. (25) yields the linearized equation

3
2 [2szec25 (1—cos -;1> + se(ce-sesze—cecze)] Se = ~ (cos §;—T - cj) S3e + Cp(1-C,.) 82
(30)

We will use this equation with an initial guess obtained by the approximate linear
equations. Thus, we will equate the sums of the face angles at each of the two distinct
vertices and get

-12°+ 2¢ = -6¢ ,
or

€ = 1.5°.
Setting ¢’ = ¢, Eq. (30) becomes
~4.709064053 5¢ = -0.0178252483,

which yields, after conversion from radians to degrees,

de = 0.21688°

and
€= €e'+8c = 1.71688°.
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Again, setting ¢' =€, Eq. (30) becomes

-4.683353111 8¢ = -0.0000485857,
which yields

€= €'+ 8e = 1.7174744° .
Repeating the process once more, we see that
|se| < 1078 degrees.

Thus, the last computed value of ¢ is correct to seven decimal places.

(a) (b)

Fig. 11 - Surface structure for a polygon having 92
faces: (a) surface portion between three mutually
adjacent pentagons and (b) solvable dihedral angles

Polyhedron with 92 Faces — Figure 1la shows the basic structure of the surface for
the polyhedron having 92 faces, and Fig. 11b illustrates the only two distinct solvable di-
hedral angles. As in the previous example, all symbols denote excesses over 27/3 radi-
ans. For this polyhedron there are two types of hexagons, labeled 1 and 2, which have
twofold and threefold symmetry, respectively. Hence, it is true again that only the
dihedral-angle equations are available and necessary for the solution of this polyhedron.
These equations are

[cos §51 - cos? (% + e)] sin? (gSE - 25) - [cos (2;1 + w) - cos? (2—: - 26)] sin? (Z;—T + 6) =0

(31a)

and

- cos (_2_37Z + e) [1 -~ cos (%T- - w)] sin (%ﬂ - 26) sin (2-—; + w) = 0. (31b)

sin (2-—7-7 + w) xS, + C,bw, (32a)
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cos <2—;T + w) ~ C, - S, 8w, (32b)
. 21
sin (Th a)> ~ S ,~C., %w, (33a)
and
21
cos (—3— - a)) % C ,+8 0w, (33b)
where '
S, = sin (% + w’> , (34a)
21
C, = cos (? + w') , (34b)
S_, = sin (%; - w'> , (34c)
2
C., = cos (i; - w'> , (34d)
and
w= o +dw, (35)
Egs. (31) become, respectively,
Q[SGCE(I-C{‘)) + 28,.C,, (1—cos :352")]86 + 8,82 8w = (C“)-Cgs)ss2 - <cos 3—;7--C€2)S§E (36a)
and
[8.0(1-C, (25,85, + C.Cype) + 8,(1-C_,)(S,S,, +2C,C,,)] s¢
- [s.8,8., + S.CpC(1-C)+CS, C(1-C_ )]
= =Cp(1-C,) S, S, + C.(1-C_) S,.S, - (36b)

As before, we will use an initial guess obtained by the approximate linear equations.
Since none of the hexagons have less than twofold symmetry, there are no equations hav-
ing the form of Eq. (24) available, as was also the case in the previous example. Thus,
it is sufficient to equate the sums of the face angles at each distinct vertex and obtain

-12° + 26 = -4+ w = 2 - w,
from which

€ = 4° and w=12°

Setting ¢’ = ¢ and o' = w, Eqs. (36) become

-3.366230173 d¢ + 0.5107658885 Sw = -0.02187645948
and

3.928272966 b¢ - 1.200259980 8w = ~0.01136725444 ,
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from which

8¢ = 0.9032296584°

and
Sw = 3.498765621° ,

after conversion from radians to degrees. Thus,
€ = €'+ 8 = 4.903229658° and w = '+ Sw = 15.49876562°
Again, setting ¢’ = ¢ and »' =, Egs. (36) become

~3.304276457 8¢ + 0.4714392410 8w = 0.0007218427490
and
3.901795987 8¢ - 1.156908223 8w = ~0.001100754205 ,

which yield, after conversion from radians to degrees,

€ = €' +8c = 4.894095802°
and
w= o'+ 8w = 15.52247547° .

Repeating this process yields

€ = 4.894099098°

and
w = 15.52248782° ,

and again repeating the process reveals that

|8¢| < 10~® degrees and |sw| < 1078 degrees ;
therefore, the above results are correct to seven decimal places.

The computations for the 42-faced polyhedron were performed on a LOCI-2 desk
computer, and those for the 92-faced polyhedron were performed on a CDC 3800 digital
computer.

Automatic Methods of Solution

As can be inferred from the examples just given, the number of equations for a PH
polyhedron increases rapidly as the number of faces increases, and linearization of these
equations would soon become excessively tedious if one were to attempt this for some of
the more advanced PH polyhedra. Fortunately, however, there are better methods for
the solution of these polyhedra, using digital computers. The first method to be described
is that of automatic linearization and use of auxiliary angles. This will be followed by a
description of the chain method, an improvement upon the first method.

Automatic Linearization and Use of Auxiliary Angles — For brevity, we will subse-
quently use the term "angle™ to denote the excess of an actual angle over 27/3 radians,
unless specifically stated otherwise. It is apparent that the linearized equations, Egs.
(30), (36a), and (36b) have different forms, and we could rewrite them as the functional
equations
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g30(6,3€) = bso(e) ’

B36a(6 @, 8€,8w) = by (€,0),
and

g36p(€,@,0€,0w) = biep(€,w) .
It would appear that each new dihedral angle encountered in the quest for solutions of
higher order polyhedra may well be represented by a trigonometric equation of a form

different from those encountered previously, thereby necessitating repeatedly the tedious
linearization process. If we define, using Eq. (16), the functions

glag, ..., ag, day, ..., Sag) = —SalSa“SaSSrJ.1 + I:S“zcass“:ss"'s - (Cas - Ca4Cas) Cazsas] da,

+ Cazsassa4sa5 - (Ca6 - Caqcas) Sa.zcu.3 80"3

:
>c Sag = Sa,8a,8a,Ca_ | 3

Sa,Cay = 82,8 Ca Sa, | a5 + S, S, 8, 8o, (37a)

and

b(ay, ..., ag) = - (Cax' C“zc“a) SaSag * (CaG"C“CaS) Sa,Sa, (37p)
then the functional equation for the general dihedral angle is

g(ay, ---, ag, day, ..., sag) = b(ay, ..., ag) (38)

which is linear in $a,, ..., 8a,. Furthermore, Egs. (30), (36a), and (36b) can be ex-
pressed as

g(-12°, €, €, -2¢, ~2¢, -2¢, 0, 3¢, 8¢, -28¢, ~28¢, -28€) = b(-12°, €, €, -2¢, -2¢, -2¢) ,
g(-12°, €, €, -2¢, -2¢, w, 0, 8¢, 8¢, -28¢, -28¢, Sw) = b(-12°, €, €, =2¢, -2¢, w) ,
.and
g(~2¢, w, -2¢, €, ~w, €, -28¢, Sw, -28¢, S¢, ~bw,b€) = b(-2¢, w, -2¢, €, -w, €) .

If we now define

a; = -2, (39a)

a, = -, (39b)
and

ag = -12°, (39¢)

Egs. (30), (36a), and (36b) are replaced, respectively, by the systems of equations

ag, €, €, ag, ag, az, dag, 8¢, 8¢, Sa,, da,, Sa,) = b(a., €, €, a,, a,, a
g(as 3 %30 %3 5 3 3 3 5 3» %3, A3
28€+8a3:0

dag = 0,
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g(ag, €, €, a,, az, w, dag, 3¢, 8¢, da,, Sag, dw) = b(r:LS, €, €, ag, 0,, W)

"
o

26€ + 50.3

dag = 0,

and
g(ay, W, @z, €, 0y, €, 8“3’ Sw, 80.3, Se, 8a4, de) = b(a,, @, ag, €, a,, €)
28€ + %ay =0
Sw + 8a4 =0

50.5 0.

In each case we can deduce the arguments of the g and b functions simply by inspecting
the six face angles associated with a given dihedral angle; these arguments then replace
the dummy parameters in Egs. (37), which can then be used to compute the coefficients

of 8a,, ..., 8a, in the left-hand side of Eq. (38) and the value of the right-hand side of
Eq. (38) in each of the three systems by means of a FORTRAN subroutine. Hence, no
more analytic linearization is required once Eq. (16) has been derived. Thus, introducing
auxiliary variables (e.g., those defined in Egs. (39)) facilitates the use of a single general
linearized equation for all dihedral angles encountered in any PH polyhedron. Each aux-
iliary variable requires an extra equation to be added to the original system, but this is
a small price to pay for the elimination of manual linearization.

In the same way, we can use Eq. (18) and introduce auxiliary angles, if necessary, to
provide a single, general, linearized four-angle equation. Since Eq. (19) is already linear,
we see that we can standardize the solution of the whole system of approximate linear
equations; i.e., we do not have to perform any new analytical work to evaluate all ele-
ments of A and B in Eq. (11) for any PH polyhedron of arbitrary complexity.

For illustration, let us consider the PH polyhedron with 1002 faces, in which nine
layers of hexagons are inserted between adjacent pentagons. Figure 12 shows the portion
of this polyhedron existing between three mutually adjacent pentagons. The same con-
figuration exists over the rest of the polyhedral surface, i.e., the basic pattern shown is
congruent to the pattern between any other three mutually adjacent pentagons. The pen-
tagons are denoted by x's in their centers; the hexagons are denoted by numbers in their
centers, those with the same number being congruent. Hexagons 1 through 5 have twofold
symmetry (Fig. 7a), those numbered 6, 10, 12, and 13 have onefold symmetry (Fig. 6),
and the remainder have no symmetry. Use of the linearized dihedral-angle, four-angle,
and sum-to-zero equations results in a system of 51 linear equations in the unknowns
ay, ..., 8ag,, corresponding to the angles o, ..., a;; whose subscripts are shown in
the face-angle positions in the upper-right-hand portion of Fig. 12.

Observe that the pattern of hexagons within the framework of the three mutually ad-
jacent pentagons actually contains six congruent regions. Also observe that the hexagons
numbered 6, 10, and 13 that are vertically aligned have dotted lines drawn through their
axes of symmetry, The same is true for the rightmost hexagon numbered 12. These
dotted lines, together with the edges that join them, form a boundary of one such region
(in this case the boundaries intersect at the common vertex of the type-13 hexagons).
The information available within and on the boundaries of this or any of the other five
regions is sufficient to generate the entire system of equations, and this is why we need
label the face angles in only one region. That is, all possible dihedral angles and hexagon
types are contained within a single region. We shall concentrate on the region in which
the face angles are labeled, referred to subsequently as the principal region.
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Fig. 12 - PH polyhedron having 1002 faces with nine
layers of hexagons between adjacent pentagons

The description of the chain method must be preceded by a discussion of the method
of furnishing dihedral-angle information to the computer. Figure 13 is the typical dihe-
dral angle shown in Fig. 3a but with the angles relabeled to conform to Eq. (17). The
ordered subscripts of these angles are sufficient information to describe the dihedral
angle completely. This information is relayed to the computer by a call to the FORTRAN
subroutine DIHD by means of the instruction

CALL DIHD (i,, i, iy ig ig ig),

where i,, ..., i, are either integer variables or constants corresponding to the sub-
scripts in Fig. 13. This subroutine, when called, calculates the coefficients of the un-
knowns $a;,, ..., 8a; in the left-hand side of Eq. (38) and also the right-hand side of

Eq. (38). Similar subroutines are available for calculating the parameters of the linear-
ized four-angle equations and sum-to-zero equations. For instance, for the 1002-faced
polyhedron (Fig. 12) the instruction

CALL DIHD (51, 1, 1, 46, 46, 6)

would result in a calculation of the parameters of the linearized equation for the dihedral
angle involving the pentagon and hexagon types 1 and 6. To calculate the parameters for
all 25 distinct solvable dihedral angles in our example, we would have to call DIHD 25
times, deducing the correct set of ordered parameters each time. Although tolerable for
this case, the number of distinct solvable dihedral angles increases for higher order
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polyhedra and makes the task of generating all the different calls to DIHD more difficult.
Thus, the automatic linearization process, although reducing significantly the amount of
manual labor required, needs to be augmented by further refinements. The principal re-
finement is the chain method. '

Chain Method — Consider the principal region in Fig. 12. We shall loosely refer to
the boundary that passes through the axes of symmetry of hexagon types 6, 10, and 13 as
the vertical boundary, and that passing through the axis of symmetry of hexagon type 12
as the diagonal boundary. We shall say that two edges of the polyhedron that meet at a
vertex are connected. We define a chain as a sequence of connected edges, beginning
with an edge on the vertical boundary and terminating at the diagonal boundary in such a
manner that no face of the polyhedron is bounded by more than two edges of any one
chain. The edges which compose the chain are called bvanches, and the vertices along
the chain are called nodes; thus, the number of nodes of a chain is always one greater
than the number of branches. We also allow in our definition a chain consisting of a
single point — one node and no branches. In Fig. 12 the chains are illustrated by placing
crossbars in their branches; thus, the 1002-faced polyhedron has four distinct chains,
one of which is a chain of one node ~— at the vertex common to the three type-13 hexagons.

Fig. 13 - Typical
dihedral angle used
in the chain method

Fig. 14 - Chain
having n nodes

A typical chain is shown in Fig. 14. The number of nodes this chain has is n, and
we use the symbol C, to denote such a chain. The symbols S, S,, ..., S;, represent
the subscripts of the face angles encountered while traversing a counterclockwise path
around the chain. This path terminates at the topmost face angle, as shown in Fig., 14.
Thus, for the topmost (and longest) chain in Fig. 12, the sequence S, S,, ..., S;, be-
comes 1, 46, 6, 7, 8, 22, 27, 26, 28, 33, 32, 34, 39, 38, 38, 50, 5, 4, 49, 4, 3, 48, 3, 2, 47,
2, 1, 46, 1, and 51. To generate the parameters of Eq. (38) for the dihedral angle along
the topmost branch of a chain, we issue the FORTRAN instruction

CALL DIHD (S, S;» S3n-1» S3n. 2 Sp» S3) -
For the dihedral angle corresponding to the third branch from the top, the required call is
CALL DIHI) (SSn-S’ S4, S3n-4’ S3n_5) SS' S6)’

which leads to an algorithm for generating the subroutine calls for alternating branches
starting with the topmost branch. This is
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CALL DIHD (S S S

3n- 3k+3? 3k- 2’ S3n-3k+2' 3n-3k+1’ SSk- 1 S3k) !
for k =1,2,..., until 3k exceeds 3n-3k+1. A similar algorithm exists for the subrou-
tine calls for alternating branches starting with the second branch from the top:

CALL DIHD (S, ., S;., S S

S S

3n-3k+1’ 3n- 3k’ 3k+1’ 3n-3k-1)‘

fork =1,2,..., until 3k + 1 exceeds 3n-3k-1. Using these two algorithms for each
chain in the principal region, we generate the parameters of Egs. (38) corresponding to
the dihedral angles along all the edges which are branches of chains. It remains to do
the same for all edges in the principal region which are not branches of chains. These
edges connect the nodes of different but adjacent chains. Figure 15 shows two adjacent
chains; the topmost chain, with m nodes, has the subscripts of its associated face angles
labeled with the superscript 1; the bottom chain, with n nodes, has the subscripts of its
associated face angles labeled with the superscript 2. Inspection of the diagram yields
the algorithm for the dihedral angles along the edges which connect the nodes of the top
and bottom chains:

1 1 1 2 2 2
CALL DIHD (S3m-3k-2’ S3k+2’ S3k+3’ SSn-3k+2’ SSn-3k+3’ S3k-2>’

for k =1,2,..., until 3k~ 2 exceeds 3n- 3k+2. Thus, to generate the parameters of the
remaining equations, Eqs. (38), we use this algorithm for all pairs of adjacent chains in
the principal region.

Fig. 15 -~ Two adjacent chains
having n and m nodes
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We see that the chain method eliminates the tedious process of determining and list-
ing the six-ordered face-angle subscripts for each call to the subroutine DIHD If, in-
stead, we label the p chains in the principal region from top to bottom as C; o C§ s
it sufﬁces to read into the computer the ordered subscripts

St ..., 8}

3n'

2 2 P P
S ey 83y s 8P STy

Then the generation of all calls to DIHD can be handled automatically using the three al-
gorithms just described. The linearized four-angle equations and sum-to-zero equations
are also implemented by a streamlined method.

CONCLUSIONS
Trends Among Face Angles as Order of Polyhedra Increases

Table 2 indicates the computed values of some of the face angles for PH polyhedra
up to 3242 faces. Figure 16 identifies the notation used. As usual, all symbols refer to
excesses over 27/3 radians. The symbol ¢ labels the four identical face angles of each
hexagon with twofold symmetry (Fig. 7a). The subscripts of the ¢'s increase as the dis-
tance of the hexagon from the nearest pentagon increases; i.e., the nearest hexagon has
€,, the next nearest has ¢,, etc. Figure 12 shows that these subscripts are the same as
the hexagon type numbers. The symbol « always refers to the positive excesses associ-
ated with the hexagons that have threefold symmetry (if there are any for a particular
polyhedron), The symbol 8 refers to the face angle indicated in Fig. 16a.

Fig. 16 - Illustration of the notation used for PH
polyhedra up to 3242 faces: (a) location of face-
angle excess labeled 8 and (b) hexagon with three-
fold symmetry having positive face-angle excess w

(a) (b)

Inspection of Table 2 indicates that the excess ¢; probably tends asymptotically to-
ward 6°, and 8 tends toward 24°, as the orders of the polyhedra increase. This would
mean that the three faces that meet at any pentagon vertex (the pentagon being one of the
faces) tend to become coplanar. The same is true for the faces that meet at the vertex
with associated excesses 8, -2¢,, and -2¢,.

Although angles ¢, through ¢, are increasing with increasing polyhedron order, it
is not possible to tell if they have an asymptotic limit.

The angle », although decreasing steadily, may not be approaching the value 0°. In
fact, it probably cannot be ascertained that the decrease will continue for polyhedra with
more than 3242 faces.

Approximate Diameters of Polyhedra

Table 3 lists the approximate diameters of the first 17 PH polyhedra as multiples of
the edge length S. Actually, the diameter calculated in each case is that of a sphere
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having the same surface area as the polyhedron. To calculate the approximate surface
area of one of these polyhedra, say one with N faces, all N- 12 hexagons are assumed to
be regular; therefore, each has the approximate area (3/2)v3 S?, whereas each of the
12 pentagons has area (5/4)S? tan 54°. Hence, the approximate total surface area A is

A= [(N-- 12)%\/3_+ 15 tan 54°]s2.

Equating this to the surface area of a sphere with diameter d, we have

d =1/-,1,—[(N—12) %\/?ﬂ 15 tan 54°] S.

This formula generates Table 3.

Table 3
Approximate Diameters of PH Polyhedra
Number of Faces, N Factor* Number of Faces, N Factor*
42 5.602 1212 31.61
92 8.528 1442 34.48
162 11.43 1692 37.36
252 14.32 1962 40.24
362 17.21 2252 43.12
492 20.09 2562 45,99
642 22.97 2892 48.87
812 25.85 3242 51.75
1002 28.73

*For an edge of length S, the diameter equals factor multiplied by S.

Two Conjectures

The results obtained from the investigation of PH and other types of polyhedra sug-
gest two theorems which may be valid for general polyhedra. The proposed theorems
will be stated after some preliminary definitions are made.

Definition 1: An element of a polyhedron refers to a vertex, edge, or face.
Definition 2: We define congruence of polyhedron elements as follows.

A. Two vertices are congruent if the face angles and dihedral angles incident at one
vertex are equal to the respective face angles and dihedral angles incident at the other
vertex. It follows that two congruent vertices are either superposable or exact ''mirror
images'' of each other.

B. Two edges are congruent if their lengths are equal and the dihedral angles formed
at the edges are equal.,

C. Two faces are congruent if the polygons comprising the faces are congruent in
the sense of plane geometry. It follows that two congruent faces are either superposable
or exact "mirror images' of each other.

We often examine the edges that intersect in a particular vertex, or the edges that
bound a particular face. We can unify these two concepts by denoting the vertex or face
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as a primary element and the edges that intersect in or bound the primary element as
edges incident on the primary element. We speak of a traverse about a primary element
as either a circuit along a closed path containing only a vertex and its incident edges or a
circuit about the perimeter of a face. If two primary elements correspond under some
mapping, then we say the set of edges incident on one of the primary elements corre-
sponds in an order-preservving or incidence-preserving manner to the set of edges inci-
dent on the other primary element if, as we conduct traverses at the same ""'speed' about
the primary elements, starting at a pair of corresponding edges, each pair of edges en-
countered simultaneously in the traverses correSponds.under the mapping without inter-
rupting the continuity of the traverses. The traverses may be either in the same sense
(both clockwise or both counterclockwise) or in the opposite —i.e., mirror-image —
sense (one clockwise and the other counterclockwise).

Definition 3: We say that two polyhedra P and Q are isomovphic (to each other) if
and only if there exists a one-to-one map of P onto Q which maps vertices onto vertices,
edges onto edges, and faces onto faces in an incidence-preserving manner, i.e., if (a)
corresponding edges are bounded by corresponding pairs of vertices, (b) a pair of adja-
cent faces corresponds to a pair of adjacent faces, and the edge of intersection of one
pair corresponds to the edge of intersection of the other pair, (c) all edges that are inci-
dent at one of two corresponding vertices correspond in an order-preserving manner to
all the edges incident at the other vertex, and (d) all edges that bound one of two corre-
sponding faces correspond in an order-preserving manner to all edges bounding the other
face.

Definition 4: An automovphism of a polyhedron P is an isomorphism of P onto itself.

Definition 5: Two vertices of a polyhedron P are equivalent if there exists an auto-
morphism of P which maps one vertex onto the other. Equivalence of edges (faces) is
defined similarly.

Definition 6: Two polyhedra P and Q are said to be duals of each other (P is the dual
of Q, and Q is the dual of P) if and only if there exists a one-one map of P onto Q, which
maps vertices onto faces, faces onto vertices, and edges onto edges in an incidence-
preserving manner; i.e., (a) an edge of P(Q) is mapped onto an edge of Q(P) if and only if
the vertices bounding the edge of P(Q) are mapped onto the faces intersecting in the edge
of Q(P), and (b) a vertex of P(Q) is mapped onto a face of Q(P) if and only if the edges
incident at the vertex of P(Q) are mapped in an order-preserving manner onto the edges
which bound the face of Q(p).

Statements (a) through (d) of definition 3 are not necessarily independent, nor are
statements (a) and (b) of definition 6.

Theorem I: For any polyhedron P, there exists an isomorphic polyhedron Q, with the
property that equivalent elements of Q are also congruent.

Theorem II: For any polyhedron P that is not self-dual, exactly one of the following
statements is true: (a) there exists a unique isomorphic polyhedron Q, for which equiv-
alent elements are congruent, and such that all edges have equal length, and (b) there
exists a unique isomorphic polyhedron Q, for which equivalent elements are congruent,
and such that all dihedral angles are equal. The statement that is false for P is true for
the dual of P,

The truth or falsity of these theorems has not yet been established, because proofs
have not yet been obtained. However, the authors have reasonable confidence that Theo-
rem I is true. The veracity of Theorem II is less certain.
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NUMERICAL RESULTS

Corresponding to each PH polyhedron with no more than 3242 faces are five entities
which describe its solution and the values of some relevant parameters sufficient for its
physical construction. These are (a) a drawing including at least one principal region, in
which the hexagon types are numbered, pentagons are labeled with x's, and the face-
angle locations are identified by subscripts in the principal region, (b) the values, in de-
grees, of the initial guess used for the face-angle excesses, (c) the solution values of all
face-angle excesses, (d) the lengths of all hexagon diagonals, assuming all edges of the
polyhedron have unit length, and (e) the values of all dihedral angles. Descriptions follow
for all entities. '

Drawings — The drawings comprise Fig. 17. Each drawing is similar to Fig. 12 (ct.
description accompanying Fig. 12), although some show only the principal region. Pen-
tagons are indicated by x's in their centers. Hexagon types are indicated by numbers in
their centers, beginning with the exterior diagonal row and proceeding inward to the cen-
ter of the principal region. Within a diagonal row the hexagon types are numbered in as-
cending order beginning at the vertical boundary and terminating at the diagonal boundary.
The vertex angles of the hexagons and pentagon (i.e., the polyhedron face angles) in the
principal region are labeled with subscripts in ascending order according to the conven-
tion (a) the off-axis vertex angles of the hexagons with twofold symmetry, increasing
according to increasing hexagon number; (b) the vertex angle of the hexagon with three-
fold symmetry (if one exists), the particular vertex chosen lying on the vertical boundary;
(c) the vertex angles of hexagons with onefold symmetry, four consecutive subscripts per
hexagon, increasing within a hexagon in a direction toward the interior of the principal
region, increasing between hexagons according to increasing hexagon number; (d) the
vertex angles of hexagons with no symmetry, six consecutive subscripts per hexagon, in-
creasing within a hexagon in a counterclockwise direction beginning at the top, increas-
ing between hexagons according to increasing hexagon number; (e) the on-axis vertex
angles of hexagons with twofold symmetry, increasing according to increasing hexagon
number; (f) the vertex angle of the hexagon with threefold symmetry (if one exists), the
?articular vertex chosen lying on the diagonal boundary; and (g) the pentagon vertex angle
excess = -12°).

Initial Values and Solution Values for Face Angles — The values, in degrees, of the
excesses of the face angles over 120°, obtained after convergence of an iterative Newton-
Raphson process using the indicated initial guess are in Appendix B. The number of re-
quired iterations is also shown. Each excess is identified by an index corresponding to
the subscript of equal numerical value shown in the drawing.

Hexagon Diagonals — The lengths of the nine diagonals of each equilateral hexagon
are given in Appendix B in three rows and three columns, based on sides of unit length.
The first two columns give the lengths of the short diagonals —those connecting vertices
at the noncommon endpoints of a pair of adjacent sides —and the third column gives the
length of the long diagonals. The length of a diagonal connecting vertices associated with
face-angle subscripts i and j is denoted by L(i,j). No ambiguity results in labeling
diagonals of symmetric hexagons in this manner, since the short and long diagonals are
separate. The hexagon diagonals are printed in the order (a) diagonals of hexagons with
twofold symmetry, (b) diagonals of the hexagon with threefold symmetry (if any), (c) di-
agonals of hexagons with onefold symmetry, and (d) diagonals of hexagons with no sym-
metry. Within these categories, order is determined according to hexagon type number.
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Dihedral Angles — Each dihedral angle in Appendix B is identified by an ordered
triplet of integers, each integer being a face-angle subscript. In Fig. 18a the dihedral
angle of interest is formed by the faces that intersect in the edge adjacent to face angles
(excesses) o ; and a, . Figure 18b shows the spherical representation of this. We denote
this dihedral angle by wu(j,i,k), the 1st and 3rd integers being the subscripts of the ad-
jacent face angles. We have

cos (.2.37_1+ ai)— cos (%—T + a'j> cos <—2-37:—+ ak>
sin (2—;7 + aj) sin<%+ ak)

This angle is identified in the computer printout by the ordered triplet j,i,k.

u(j,i,k) = arccos

2w
=t

- +aj =+ ay
DIHEDRAL 3
ANGLE

(a) (b)

Fig. 18 - Identification of a typical dihedral angle:
(a) actual view and (b) spherical representation



Appendix A

PROGRAM CONTENT AND USE

Table Al is a listing in CDC 3800 FORTRAN of the main program and subroutines
used for PH polyhedra with more than 2252 faces, in which the system of equations, Eqgs.
(11), is solved in single precision. The technique employed for solution is that of Gauss-
ian elimination by means of the CDC COOP subroutine F2UTEX GAUSS2, written by C. B.
Bailey.

We now describe the data cards used for the solution of a PH polyhedron. Only one
PH polyhedron may be solved in a given run, since different polyhedra require different
sets of cards.

" We first remark that we label the face-angle subscripts in accordance with the con-
vention of Fig. 17, illustrated in Fig. 12 for the 1002-faced PH polyhedron. In the first
part of the last section of the report, the angles belonging to categories (a) through (d)
are called basic angles; the other angles (categories (e) through (g)) are called auxiliary
angles. )

Five types of data cards are used. They are, in sequence, (a) Type 1: the title card,
(b) Type 2: the general information card, (c) Type 3: the chain information card(s), (d)
Type 4: the hexagon information card(s), and (e) Type 5: the initial value card(s). Their
descriptions follow.

Type 1: The entire type-1 card is available for titling, labeling, or other miscella-
neous information. Its contents are reproduced in the first line of the program output.

Type 2: The type-2 card is read into storage under FORMAT (8I3). It has the fol-
lowing information:
Cols. 1-3: The number of hexagons with twofold symmetry,
Cols. 4-6: The number of hexagons with threefold symmetry (0 or 1),
Cols. 7-9: The number of basic angles,

Cols. 10-12: The number of equations (equals the total number of face angles,
both basic and auxiliary),

Cols. 13-15: The mode number. If 0 or blank, one set of iterations will be per-
formed for a specified set of initial values. Otherwise, repeated
sets of iterations will be performed, one set for each of a series
of specified constant initial values for the basic angles,

Cols. 16-18: The number of constant initial values to be used (irrelevant if
Cols, 13-15-are 0 or blank),

Cols. 19-21: If nonblank, the lengths of the hexagon diagonals will be computed
and printed; suppressed if 0 or blank, and

Cols. 22-24: If nonblank, values of the dihedral angles will be computed and
printed; suppressed if 0 or blank.

36
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Type 3: The type-3 cards contain the ordered subscripts of the chains (cf. descrip-
tion of the chain method in the section: 'Computational Techniques.”) Each card is read
into storage under FORMAT (241I3); as many consecutive cards as necessary may be
used. The data are punched in the sequence S/, ..., Sia,, blank field, s?2, ..., s?_,
blank field, ..., blank field, s?, ..., §%,,» two blank fields. 2

Type 4: The type-4 cards contain the face-angle subscript of smallest numerical
value for each of the hexagons with onefold symmetry, followed by the face-angle sub-
script of smallest numerical value for each of the hexagons with no symmetry. Each
card is read into storage under FORMAT (24I3); as many consecutive cards as necessary
may be used. The representative subscripts for the onefold symmetric hexagons (if any)
are punched first, then a blank field, then the representative subscripts for the asymmet-
ric hexagons (if any), followed by another blank field.

Type 5: The type-5 cards are read in under FORMAT (10E8). Their contents de-
pend on the contents of Columns 13 through 18 of the general information card. If the
mode number (13-15) is 0 or blank, these cards contain, in sequence, the initial values of
all the basic angles. The program then performs one set of Newton-Raphson iterations
using these initial values, and it terminates when convergence is obtained for all face an-
gles. If the mode number is nonzero and nonblank, these cards contain a series of con-
stant initial face-angle values equal in number to that specified in Columns 16 through 18
of the general information card. The program performs one set of Newton-Raphson iter-

ations for each of the constant initial values, the latter being used to initialize all basic
angles.

Figure Al indicates the data-card listing corresponding to the 2562-faced PH poly-
hedron (see also Fig. 170). As indicated, there are eight hexagons with twofold symme-
try, 120 basic angles, and nine auxiliary angles (thus 129 equations). The computation
and printout of the hexagon diagonals and the dihedral angles will be included. The pro-
gram will first set the values of all basic angles equal to 0.01 and perform the Newton-
Raphson process until convergence to a solution has occurred. Then the values of all
basic angles will be set equal to 0.1, and the Newton-Raphson process will again be used
to converge to a solution. The two solutions obtained are the same, as mentioned in the
section "Computational Techniques."
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Table Al
Program Listing

39

PROGRAM‘PLYHDPN 5
COMMCN /TFN1/A(169+170) /TENZ2/AGR(T69) +SS(169)+CC(169) /EQU/NESNG 150
1/TWRI3/TPT /DIAG/DPRIAG(169) 11
TYPE DOUBLE SSsCCoTPT+PT+AGsAGRIDPR 15
DATA (TOL=1E~-5), (Al:lF—?OVV(PI=3.14159?6%35897Q3238462643D)q 20
1(IF7=a46H(1aH INITIAL GUFSS// (4H AG(I3+3HY =F10e2/71)) 2T
DIMENSION X{169) 4 IF2(6)+AGI(50) s ICHN(10+,100) +ND3(10) 25
1ISTR(24) s ISHX(INC) +KTITLE(T1O) 26
READ 70y KTITLE 30
PRINT 71T+ KTITCE 35
READ 154 NSZ2+NS3.NBINE«MODFE +MIVIHD s 1TA 40
IC =1 ¢ JUC = TFLG = A 45"
41 READ 42, 1T 50
no 47 1T=1 492 55
IFCISTR(1Y)444,47,44 60
44 1FLFC = 7 65
JC = JC+1 70
TTANTIC,JCy = TeT7=( 1) =D
43 CONTINUE . 80
GO T a1 85~
45 IF(IFL7=13464.47445 90
a6 TFLr = 1 95
ND3(IC) = JUC 100
IC = IC+1T & JC = n 105
GO TO 43 11n
47 NCHN = 1C-1 jRE=
JC = IFLG = " 12~
48 PEAD 424 ISTP 12%
DO 49 1=1,24 13
IF{ISTR(IN)BO+61460 135
61 IF(IFLG)S®2463467 140
63 NTO = JUC 145"
IFLG = 1 150
GO TO 49 1595
60 JC = JC+1- 160
ISHAHX(JC)Y = ISTR(T1) 6™
49 CONTINUE 17n
GO TO 4R 17
62 NT1 = JC-=NTO 180
IF(MODE«.NE.0) GO TO 30 185
NIV = 1 190
READ Ts (AG(T) . I=1T,NR) 195
GO TO 31 200
3C READ Ty (AGT{I)sI=T+NTV) 205
31 DPR = 180./P1 210
TRPT = Z.%PT /3, B sIs
TOLR = TOL/NHPR 220
ENCODE Ty 23 TFZT3) [ IFZ2I3TINE TFZ2 () zZcS
DO 9C ICNT=1NIV 235
TFTMODE ) 33+ 34333 =g
33 DO 35 I=1,.N8 245
35 AG(IT = AGITUICNTY ~ - 25T
34 ITER = 1 255
~ — R, —
I Fok ok % s INITIAL VALURS % % % % %
(o]
DO 21 1=1,N&2 260
ICT=NG+1T T e 26%5
21 270

AG(IC) = ~2.%AG(])
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Table Al (Continued)
Program Listing

IF(NS3)22+234+22 275
22 IC = NS2+1 4 JC = IC+NR 280
AGHJC)Y = =AG(IC)H 285
23 AGINE) = ~12D 290
C
TF(MODE ) B2+:83+87 2922
82 PRINT 74+ NB+AG(1) 2924
I = NB+1 2926
PRINT 75« (JsAG(JI) o J=TNE) 2928
GO TO 11 2930
83 PRINT IF2s (14AG(T)sI=14NF) 295
PRINT 101 297
11 IF(MODE)364374+36 300
37 PRINT 103s [TER 302
PRINT 7 305
36 DO 3 T=1+NE 310
AGR(I) = AG(1)/DPR 315
DO 3 J=T1.NF 320
3 A(l4J) = 04 325
NOQ = 0 330
CALL TRIGFN(NE) 335
[ed
C ¥ % ¥ ¥ ¥ DETERMINATION OF MATRIX COEFFICIENTS * ¥ % K ¥
C
DO 52 I1C=14NCHN 340
K3 = 3 & ICMT = TC-1 345
54 MK3 = ND3(IC)-K3 350
KMK3 = KF3-MK?3 355
IF(ICM1)5S+564+55 360
S5 TF IRMK3=4 15 7v5 7352 365
57 JC = ND3(ICM1)-K3=-2 370
CALCC DIFRDTTCRANTTICM IS JCY s TCANTTTMI S R3+2) 3 ICAN( ICM Iy R3F3) » ICANTICY 375
IMK3+2) « ICHN(ICyMK3+3) s ICHN(TCsK3=-2)) 376
TTTB6 TFIRMR3=T1)59.0%y51 T T 380
g1 IF(ICM1)S0,52+5" 385
SO CACC DTHAD(TCRANTTC MK IF 3Ty TCANTTCIR3=2) s ICANTTCYMK3+2) s ICANTICy 390
IMK3+1) s ICHN(IC K3=1) + ICHN(IC+K3)) 391
TFIRMR3F2T53+53+50 395
53 CALL DIFID(ICHNCICsK3=1) 2 ICHN(ICWK3) s ICHN(ICsMK3+1) s ICHN(IC MK3) 400
T TTCHANTICYR3FI) s ICANTITIMR3=11 )" 401
50 K3 = K3+3 405
GO TO =4 T - - —4TO
52 CONTINUS 415
TFINTCYRG A 73 6h 720
66 DO 64 1C=1NTC 425
64 CTALLC HEXAGON(N T TSHX(ICTY T30
67 IF(NT1)68.69,.68 435
68 DO 65 TCSTWNT1 oo L3e)
JC = NTO+IC 445
B CALL HEXYAGONTT . TAHXTJT)Y)) 450
69 DO 20 1=1.NS2 4455
J = NOFT F ACINIY 2P hOA(TWIY =TT 460
20 A(JWNE+1) = =2+#AGR(III=AGR(J) 465
TFTINS3Y 2425248 o - 7O
24 1C = NS2+1 & JC = IJC+Np? 475
AT ICTCT = ATJCJC)T = Te 5 ATJICSNEFI) = —AGRUIT)-AGRTJIC) 23510}
25 A(NFWNE)Y = 1a % A(NFNFE+1) = N 485
- J R
500

CALL GAUSSP(NF«14AT s AI¥K3)
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Table Al (Continued)
Program Listing

41

IF(K3eEQe2)GO TO 5 50%
DO 6 I=1,.NE 510
6 AG(I) = AG(I)+DPR%*X(1) 515
IF (MODE) 38,39, 38 520
38 DO 8 I=1NFE 530
XBSS = ABSF(X(1)) 535
IF(XPSSeGE.TOLRIGO TO 9 540
8 CONTINUF 545
IF(MODE)40,10440 550
40 PRINT 101 5502
PRINT 102+ ITER 553
PRINT 7 555
39 NETD = (NE+2)/3 5625
DO 80 1=14NFTD 5630
J = I+NETD ¢ K = J+NFTD 5635
IF{(KeGT«NE)YGO TO 81 5640
PRINT 72y 14AG(1) e JsAG(J) sK4AG(K) 5645
GC TO 80 5650
81 PRINT 73+ 14AG(1)4JUsAG(J) 5655
80 CONTINUE o660
IF(MODE) 10438410 5665
9 ITER = ITER+1 57C
IF(ITERLEL3NIGO TO 11 575
PRINT 172 580
GC TO 90 585
5 PRINT 13 590
GO TO 90 592
10 TF(IHDY9T.110.91 5932
91 PRINT 100 5934
DO 92 T=1,NS2 5936
IC = NR+17 5938
92 CALL HEXDIAG(IC.sT4I+ICs1s1) 5940
IF(NS3)93494493 5942
93 IC = NSZ2+1 & JC = IC+NB 59445
CALL HEXDIAG(IC,JCsICsJCsIC,IC) 5946
94 TF(NT0)YI95,96,95 5948
95 DO 97 I=14NTO 5950
IC = ISHX(T) 59572
97 CALL HEXDIAG(ICSsIC+141C+241C+34IC+2,51C+1) 5954
96 IF(NT1)98,110,98 5956
98 DO 99 1=1¢NT1 5958
J = NTO+1 5960
IC = ISHX(U) 5962
99 CALL HEXDTAG(IC, IC+I+ICH+2,IC+3+ICFa+1CH5) 5564
110 IF(IDA)Y111,490,111 5971
111 IRFS = 0O 5072
DO 118 1=14NF 59723
118 AGR(T) = AG(IY/DPR ST97Z26
CALL TRIGFN(NE) 5973
PRINT 104 ST 78
DO 112 I=14NCHN 5975
K3 =3 5976
117 MK3 = ND3(1)-K3 5977
KMR 3= RK3=MK3 5978
IF(KMK3-4)113+,113,112 5979
TT3 CALL DHANGLEETOZ IRFSy ICANT T sMR3F 3 TCANT T R3=275 TCRANT e MK3IFZT) DYE0
IF(K3eEQe3)GO TN 114 5981
CALL DRANGLETOYITRESY ICANTT 3 K3=27y TCANT T MRS+ 2 7 I CHINTtTT - MK3+3) J5982—
114 IF(KMK3-2)1154,115,4116 5983
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Table Al (Continued)
Program Listing

115 CALL DHANGLE(QsIRES s ICHNT{T +K3=2) ¢ ICHN( T 4MK3+3)+ ICHN(T sMK3+2)) 5984
116 K3 = K3+3 5985

GO TC 117 5586
112 CONTINUF 5087
CALL DHANGLE(1+IRES+0+0+0) 5988

o0 PRINT 32 559
42 FORMAT (2413) 600
5 FORMAT (BT 505
1 FORMAT({10ES8) 610

2 FORMAT{AG S T3+ RT) 615
101 FOPMAT(O(/) 4% FACE ANGLFS -~ FXPRFSSFD AS FXCFSS OVER 120 616
1DEG*Y 617
102 FORMAT(//13+20H ITERATIONS REQUIRED//) 618
TO3 FORMAT(7(/)»ICH TTERATIONI3//) 61T
100 FORMAT(9(/)+18H HEXAGON DIAGONALS// 17X+15HSHORT DIAGONALS25Xs14HL 620
TONG DIAGONALS/) 62T

7 FORMAT(3(6H INDFX9X+11HEXCESS(DEG) 12X) /) 625
T2 FORMAT({//7% NO CONVERGENCE AFTER 30 I[TERATTIONSH) &30
13 FORMAT(//% FQUATIONS ARE INCONSISTENT OR DFEPENDENT#) 635
T04 FORMAT(G(/)+36H DIAFDRAL ANGLES —— EXPRESGED IN DEG///3(16H ORDERE 637
10 TRIPLET6Xs ICHDIHD ANGLE7X)/) 638

32 FORMAT(IHT) 640
74 FORMAT (14H INITIAL GUESS//15H AG(1l) THRU AG(I34+3H) =E10.2) 642
75 FORMATTAH AGUII3«3H) =SETU«Z) [SLa 2}
70 FORMAT(10A8) 645
7T FORMAT(TH 1087/ &50
72 FORMAT(3(16+1FE2066412X%X)) 652
T3 FORMAT(ZTTH+EZ0eBy 1 2X)) 653
END 655
SUBROUTINL TRTGFN{TNEY TF }=)
COMMON /TFN1/A(169+170) /TFN2/AGR(169)+5S(169)+CC(169) /TWPI3/TPT TF 10
TYPE DOUBLE SSeCC s TPT ARG AGK F 15

DO 1 1=14NE TF 20
ARG = TPTFAGR(T) TF 25
SS(1) = DSIN(ARG) TF 30

T CCTT )T = DULCOSTARG) T 35
END TF 40

- SUORUOUTTINE DTHUD(TI o 121391810410 | Y4 j=]
COMMON /TFN1/A(169+170) /TFN2/AGR(169)+SS5(169).CC(169) /EQU/NESNQ-LZ 10

I YPE DUOUBLE SSYyCCTHUTZT L0405y AGR | N4 3]

NQ = NQ+1 LZ 17
ATNG T = =55(TT)Y*550T4)Yy®*55010) LZ 0
C123 = CC(11)-CC(I2)*CC(I3) LZ 25
T84S = CClIB) =CC(I&ZY¥CC(ID) TZ 30
A(NQs12) = A(NQsI2)+ LZ 32

T SSTTZ2TFCC I 3T *SSTTIEa I FSSUIST=Cogo® LU TIoTFSoTTo7) | SV s)
A(NQs13) = A(NQsI3)+ Lz 37

1 CC T2y FSSTI 3T S5 Ta x50 TIST=CL040F o3 1o T UL U157 | v 40
AINQs14) = A(NQsI4)+ Lz 42

T CIZ3¥CCl Iy FSSU DY ~SSl T2V ¥FSSTTI3V*FSST T4 *CTTID) CZ 45
A(NQIS) = AINQ.IS)+ LZ 47

1 CIZ23¥SS(I4) ¥CCUIB) =SSUIAPY¥SS{IY¥CCTTEY*5E5(TD) CZ 50
A(NQs16) = A(NQsI6)+ Lz 52

T SSTTZT*FSESTI3TFSSTIO] CZ7 o9
A(NQsNE+1) = —C123%SS(14)%¥SS(15)+C645%SS(12)%SS(13) LZ 60
END LZ 05
SUBROUTINE HEXAGON(IT1S) HX 5
[SPT = IS+I & ISPZ = I5+Z2 & ISP3 = I5+3 AX 10
IF(ITY1 42041 HX 15
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2 CALL FOURANG( IS I5P1+1SP2,15P3) HX 20
CALL SVMTOZ(IE<ISPIs ISP+ 16P2.15P2,15P3) AX 25
RETURN HX 30

1 ISP4 = 1S+4 & 1SP5 = 18%5 AX 35
CALL FOURANG( IS, ISP5418P2,1SP3) HX 4C
CALL FOURANG(ISPI,18,18P3.18P%) AX 45
CALL SMTCZ(IS+ISP14+1SP241SP3418P4, 15P5) HX 50
END HX 55
SUBROUTINE FOURANG (J1+J24J34J4) FA 5
COMMON /TFN1/A(169+170) /TFNZ2/AGRTIED) +5S(1691+CC(169) JEQU/NEING FA 10
TYPE DOUBLE SSsCC1SC12+5C344,ACR FA 15
NG = NO+1 T < FA 17
SC12 = SS(J1)XCC(I2I+CC (I *55(J2) FA 20
SC34 = SS(J3I¥CC(JL)+CC( I3 %55(J4) FA 25
A(NRsJ1) = =SG(J1)+SC1P FA 30
AtNQ.JZ2) = A(NO,J2)Y FA 32

' ~S8S(J2)+5C12 FA 35
AINQ,J3) = AINGJIS+ FR 37
SS(J3)~SC34 FA 40

A(NGsJ4) = A(NQsIHI+ TR 42
SS(J4)y~-SC34 Fa 45

A(NQ.NE+1)==(CC(IN)+CCII2Y=CC(IM*¥CC(I2HY+SS (I ¥TE(J2))1+CC(I3) +CC(F A 50

1J4)~CC(JIBI*¥CC(J4)+SS(IB)#SS(J4) FA S0
END FA 55
SUBROUTINE SMTOZ(1112:13414+15,16) SZ 5
COMMON /TFN1I/A(1694170) /TEFN2/AGR(169)+S5(169)+:CC(169) /EQU/NE NG SZ 10
TYPE DOUBLE AGR,SSeCC sz 15
NQ = NO+1 . sSZ 17
A(NQsIl) = 1le $ A(NQeI?2) = A(NQ.,I12)+1. SZ 20
A(NQsI3) = A(NGsI3)+1e $ A(NQ:sI4) = A(NQeI4)+1a 57 25
A(NQsIS) = A(NOLWISI+1e B A(NQLWIB) = A(NQIIGI+]10 sSZ 30
A(NQsNE+1) = ~AGR(I11)~AGR(I12)-AGR(I3)~AGR(14)~AGR(IS)~AGR(16) SZ 35
END . SZ 40
SUBROUTINE HEXDIAG([1+12+13+414415416) HD 5
COMMON /DIAG/DPR«AG(169) HD 10
TYPE DOUBLE DPRE(6) ARGy A{6E)Y +COSA(H]) HDO™ IS
DIMENSION FEL(9) HD 17
F(l)Y = AG(II) 3 F(2) = AG(I2) & F(3) = AG(13) HD Z0
Et4) = AG(I14) % F(5) = AG(I5) $ E(6) = AG(16) HD 25
DO 1 I=146 HD 30
A(Tl) = (F(1)+120eD)/DPR HD 35
COSA(T) = nTO0S(A(TY) HD 40

1 EL(I) = DSART(2+#(1«—COSA(I1))) HD 45
DO 2 T=1.+3 HD 50
2 EL(I46) = DSORT(3¢~2¢%(COSA(I)+COSA(I+1)=DCOS(A(II+ACT+1)1)) HD 55
PRINT 3, IZQIéoEL(l)0]3vlSoEL(ﬁ)9[3016'EL(7)Qll0[50EL1?)QI40160 HD 60
TEL(S5) e 11914 4SL(8)4I120T44EL(3)211415,FL(6)412+415+EL(D) HD 61
3 FORMATUI3(3(3H CTIZ3«THs I3 3H) =FTF.6 XY/ HDO 65
END HD 70
SUBROUTINE™ DHANGLE TMODE «» TR e Je T s KD DH 5
CCMMON /TFN1/A(169+170) /TFN2/AGR(169)+SS(169)+CC(169) DH 10
T/0TAG/DPRAGTTBHT) DH 11
TYPE DOUBLFE DPRJAG AGR¢S5S,CC DH 15
TUTNENSTONTIJI T3 s T T3 «KKT3) « ANCLCE T3 UHT <O
IF(MODF)14201 DH 25

T ITFTIRY4 443 DH 30
4 CONTINUE DH 35
TRE TUKIN U 940
3 PRINT Sy (JJL) s TT(L) +KK(L) sANGLE(L) sL=141IR) DH 45
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IR =0 DH 50
GO TO 4 DH 55
2 IR = IR+1 DH 60
COSU = (CC{I)=CC(II*CCIKI)I/(SS(II¥SS(K)) DH 65
ANGLE(IR) = DPR#*ACOSF (COSU) DH 70
JI(IR) = J & TI(IR) = I & RK(IR) = K DH 75
IF(IR~3)443+3 DH 80
S FORMAT(3(4X1314+F16e517X)) DH 85
END DH 90
SUBROUTINE GAUSS2 (N+sMIEP A, X KER) 001
DIMENSION A(1694170) ¢X(16941) 002
NP=NFM 003
10 DO 34 L=1lsN 004
RP=0 005
Z=0+0 006
DO 12 R=L.N 007
IF(Z-ABSF(AIKIL)))I11412412 008
11 Z=ARSF(A(R-L)) 009
KP=K 01
T2 CONTINUE ATT
IF(L-KP)13+20,20 otz
T3 DO T4 J=LNPM 0T3
Z=AtLJ) ol4
ATL W JY=ATKI v J) [0 R %=)
14 A(KPLJ)=2Z 016
20  IF(ABSF(A(L L) T=FPI5N«50+30 OT7
30 IF(L-N)31,40,40 ol8
qT CPI=CF] nTY
DO 34 K=LDP1,N 020
ITF TATRK YL Y3349 ¢ 37 [Qr=4p}
32 RATIO=A(K,L)/A(L.L) 022
DU 33 J=CPT . NPM Qc3
33 A(KWJIZA(KsJ)—RATIO*A(L+J) 024
—34 CONTINUE - 025
40 DO 43 I=1,N 026
TT=NF1-T1 027
DO 43 J=14M 028
JPN=J+N [oY=4=]
$=0.0 03
TFTTT-NY4T 43443 031
41 1IP1=1171+1 032
DO 47 R=TTPITN N33
42 S=ESHA(TTIK)IH#X(KeJ) 034
T X(IT I = (AT T PN ) ZA(TT+IT) 035
KER=1 036
GO TO 75 037
50 KER=2 038
[4=) CONTITNUE 039
END n40
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